
NOTATION 

= particle surface area, m2 
= drag coefficient 
= nozzle diameter, m 
= particle diameter, m 
= heat transfer coefficient, W/cm2.K 
= particle mass, kg 
= Nusselt number, hdp/E 
= net heat flow to the particle, Eq. 7, W 
= distance in the radial direction, mm 
= Reynolds number [Ffl U p ,  - Ufldp/&] 
= time, s 
= ambient temperature, K 
= field temperature 
= particle temperature, K 
= axial fluid velocity, m/s 
= axial particle velocity, m/s 
= radial particle injection velocity, m/s 
= mass fraction of the particle in the liquid state 
= distance in the axial direction, mm 
= geometric standard deviation of the powder size 
= fluid density, kg/m3 
= particle density, kg/m3 
= fluid viscosity, kg/m-s 
= particle emissivity 
= Stefan-Boltzman constant 
= laten heat of fusion, J/kg 
= laten heat of vaporization, J/kg 
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Diagnosis in Nonlinear Chemical 

Part 1. Theory 
We propose a two-level identification strategy to detect and diagnose process 

faults and their causes. The strategy can be applied to processes represented by 
process models nonlinear in the states but linear in  the coefficients. Relations to 
calculate both the observer for the states and the least squares estimator for the 
coefficients are  specified in detail. 
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SCOPE 

A two-level strategy for the detection and diagnosis of faults 
in industrial processes is presented. By fault is meant degrada- 
tion in process performance; by diagnosis is meant identifica- 
tion of the cause(s) of the fault. Faults can be related quantita- 

tively to  elements in process models including both the states 
and the parameters. Detection of a change and the isolation of 
the reasons for the change in the process parameters are prob- 
lems of both theoretical and practical interest in  the process 
industries. 

K. Watanabe is on leave from Hosei University at Koganei, Tokyo, Japan. 
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Previous work has focused on the use of simultaneous esti- 
mation of the model states and parameters or hierarchical 
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identification. Another branch of work has made use of the 
extended Kalman filter. All of these strategies have been ac- 
companied by evidence via simulation that they are satisfactory. 
Yet, convergence to correct estimates of both states and pa- 
rameters is not guaranteed, and both biased and imprecise es- 
timates have been demonstrated to occur rendering the strate- 
gies useless for fault detection (although perhaps adequate for 
process control purposes). 

The proposed strategy involves state estimation by a Luen- 
berger observer in the presence of faults followed by parameter 

identification via a least squares procedure. We do not use lin- 
earized models because a nonlinearity in a process influences 
the value of the estimated states and parameters, and can lead 
to confusion as to whether the values calculated really represent 
faults or simply represent the effect of excursions in states be- 
yond the valid region for linearization. We do make use of the 
ordinary time record of the process responses rather than in- 
troduce an external disturbance into one or more of the process 
inputs. 

CONCLUSIONS AND SIGNIFICANCE 

For fault detection and diagnosis, the state estimation and 
parameter identification must have the capability of: (a) re- 
trieving the proper states and parameters in a process model in 
the presence of faults as well as noise; (b) being applicable to 
nonlinear processes; and (c) being executed on-line with digital 
computers so that the code to implement the strategy must fa- 
cilitate fast computation times and minimum core memory. We 
have developed a straightforward design procedure for a two- 
level strategy to meet these three criteria. 

The strategy represents an improvement over existing work 
in so far as it is less likely to lead to biased estimates of process 
model parameters, and hence less likely to mislead the analyst 
in diagnosing the causes of faults. It does have the characteristic 
of having a higher variance than an extended Kalman filter. The 
two-level strategy can be applied to the ordinary time record 
of a wide variety of processes including those with general re- 
actions. 

1. INTRODUCTION 

From the standpoint of safety, energy conservation, and effi- 
ciency in the operation of processes, the diagnosis of process faults 
has great significance and has been investigated from many aspects. 
Process faults, i.e., changes in process characteristics that degrade 
process performance, can be detected by three mechanisms 
(Willsky, 1976): alarm (the binary decision either that something 
has gone wrong or that everything is satisfactory); isolation (de- 
termination of the source of the faulty performance); and esti- 
mation (determination of the extent of the fault). 

An alarm decision can be made, for example, by examining the 
residual values between the outputs measured by instruments and 
the output generated by a state estimation filter designed for 
normal operation. If the residuals are zero or close to zero, the 
process is normal; otherwise, it is abnormal. In line with this idea, 
Beard (1971) and Jones (1973) applied a state estimation filter to 
make alarm decisions. Subsequently, using a Kalman filter, Willsky 
et al. (1975) and Willsky and Jones (1976) dealt with the detection 
of a jump in the states. Gai and Curry (1976) and Chien and Adams 
(1976) described how to detect step and ramp changes in the pro- 
cess states. 

Isolation and estimation of process faults are possible under some 
circumstances by solely estimating the process states under con- 
ditions in which process performance degrades. Such faults can be 
identified by noting those states that exceed some prespecified 
threshold; if the states are estimated correctly under faulty con- 
ditions, the values of the state vector may assist in detecting the 
cause of the faults. 

For more general applications of fault detection and diagnosis, 
both the states and parameters should be estimated (not necessarily 
simultaneously). In general, simultaneous estimation of both the 
states and the parameters involves the solution of difficult nonlinear 
problems (Rajbman and Shinha, 1977). Formulation of the problem 
of simultaneous estimation as a direct nonlinear optimization 
problem is one of the most common approaches (Seinfeld and 
Gavalas, 1970; Gavalas et al., 1972; Chandler et al., 1972; Emig and 
Hosten, 1973; Laurgeau et al., 1974; Watanabe and Shimizu, 1975; 
Markham and Srayder, 1976; Kalogerkis and Luus, 1980). Such a 
formulation is relatively simple, but the solution procedure requires 
long computation times, exhibits numerical instability, and may 
yield nonoptirnal solutions. 

A second approach to state and parameter estimation is to use 
a hierarchical identification scheme (Bar-Shalom, 1972; Arafeh 
and Sage, 1974; Sastry and Gauvrit, 1978). These investigators 

reported their strategies to be effective in estimating and identi- 
fying large-scale processes, but this second approach is only an 
alternative to a nonlinear optimization strategy, hence it can also 
lead to nonoptimal estimates. 

Many authors have selected the extended Kalman filter 
(Jazwinski, 1970; Athans, 1971; Soeda and Yoshimura, 1973) as an 
attractive approach to estimation. Johnson (1976) applied the filter 
to a freely spinning rigid spacecraft, Himmelblau (1978) applied 
it to identify the faulty parameters in a nonlinear chemical process, 
and Yoshimura et al. (1979) and Ishii et al. (1980) applied i t  to a 
linear discrete model with abrupt and/or trend changes in the 
parameters. All these investigators demonstrated satisfactory results 
via simulation. Nevertheless, in general the use of the extended 
Kalman filter does not guarantee convergence of the estimates of 
both states and parameters to their proper values (Yoshimura et 
a]., 1980), and the accuracy of the estimates is poor (Sastry and 
Gauvrit, 1978). Furthermore, the computation load is not riegli- 
gible. 

Our proposed strategy is more closely akin to hierarchical 
identification than the other techniques mentioned above. The 
lower two boxes on the righthand side of Figure 1 show the basic 
information flow of the strategy in contrast to that used for an ex- 
tended Kalman filter. We are concerned with the detection of faults 
in a class of deteriorating processes nonlinear in the states but linear 
in the parameters. We describe an estimator and identifier that: 
(1) yields unbiased estimation of the process states from measure- 
ments containing noise with zero mean; and (2) provides unique 
estimates of the parameters in the sense of least squares error. 
Calculations executed using the algorithm are rapid and simple, 
and need relatively little storage in memory so that the method can 
be implemented by a microprocessor. 

Here is the basic idea as applied to the class of processes in which 
the model is known but the coefficients in the model are unknown. 
For the first stage of the overall estimation, we employ a linear 
reduced-order state estimation filter to reconstruct unbiased esti- 
mates of all the state variables for a nonlinear process model with 
unknown coefficients having a particular form (Eq. 1). In general, 
a linear Luenberger observer and/or a linear Kalman filter will not 
be able to yield unbiased estimates of the state variables of a non- 
linear model. However, we have chosen a special form for the 
process model and for the filter so that even if the model is non- 
linear, a linear Luenberger observer can reconstruct the state 
variables even if faults develop that change the values of the 
coefficients in the model. (The output of the observer itself can be 
used to make alarm decisions as well as isolate faults that can be 
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Figure 1. Strategy of state estimation and fault diagnosis. 

detected by state variable estimation alone.) 
Once all the state variables of the model are known, the second 

stage of the overall estimation involves parameter identification 
of the process, a step that is relatively simple. To design an on-line 
identifier, we choose a linear least squares error function as the cost 
function, one that provides good parameter estimates if the noise 
level is low, but that may yield biased estimates if the noise level 
is excessively high. If on-line identification is not necessary or very 
high speed computers are available, we could choose a likelihood 
function as the cost function and get better estimates in the presence 
of high levels of noise. In either case, since the calculations for the 
estimation of the states and the parameters are separated, in 
principle the computation speed to resolve a given problem should 
be faster than any of the other methods mentioned above. 

The class of processes congruent with the proposed strategy is 
described in more detail in Section 2. The estimator and the 
identifier are discussed in Sections 3 and 4, respectively. An ac- 
companying article illustrates the procedure, the estimator and the 
identifier as applied to detecting and diagnosing faults in a 
chemical reactor. 

2. PROCESS DESCRIPTION 

Our strategy is applicable to processes that can be represented 
by the following nonlinear model containing unknown parameters 
caused by faults 

where 

= n-dimensional state vector 
= d-dimensional input vector 
= d-dimensional system noise vector with zero mean 
= m-dimensional output vector 
= m-d imensional observation noise vector with zero 

mean 
= 1-dimensional vector with elements split into: (a) a set 

of nonlinear functions and (b) another set of linear or 
nonlinear functions; both sets contain unknown 
Coefficients 

= s-dimensional unknown fault vector 
= constant coefficient matrices in the linear part of the 

= Coefficient matrix of the vectorf(t,p) 
= m >< rn dimensional identity matrix 

process model with appropriate dimensions 

In Eq. 1b we :show the state variables being measured directly. 
However, without any loss of generality, one can linearly transform 
the process equations so that Eq. 1b is equivalent to a linear com- 
bination of independent measurements of state variables (Luen- 
berger, 1971). 

The vector fuinctionf(t,p) is specified by 

where {pf for i = 1,2, . . . ,s], the coefficients of the vector, p, are 
parameters that might change due to prespecified faults. We shall 
subsequently refer to the parameters pi as fault parameters. Note 
that Iff(t) for i = 1,2,. . . ,s] may be linear and/or nonlinear 
functions of g ( t )  and u(t)  but that Ifi(t) for i = s + 1,. . . ,Z} are 
strictly nonlinear functions of g ( t )  and g(t). The formulation of 
the process model in the form of Eq. l a  in which the nonlinear 
terms and the terms with unknown parameters are encorprated 
in the term Qf(t,p) has been selected from many possible model 
formats to estimate the correct state vector. In Section 3 containing 
the theoretical development for designing the state estimator, the 
full import of this term will become clear. 

Let us decompose the matrices A and Q as: 

A & --??-J _____ - (AAZI 1 it:] n y m '  
+ m +  c n - m +  I 

and define 

(le) 

(lf) 

Then the term Qf(t,p) can be written as: 

Qfkp) A S(t)p + 4 0 )  
In Section 4 relation If will be used in identifying the unknown 
parameters uniquely and in developing the identifier. 

Process model Eqs. 1, which includes nonlinear functions of ~ ( t )  
and z ( t )  as well as unknown parameters represented by the vector 
p, is referred to as a process model nonlinear in the states and linear 
in the parameters. Although this model superficially may seem to 
be of restricted scope, it can represent a wide variety of actual 
nonlinear processes, especially those involving a chemical reactor 
in which general reactions are taking place. 

The problem considered here is how to develop an on-line state 
estimator and parameter identifier that estimate the correct state 
variables and subsequently accurately identify the parameters of 
process Eqs. 1. In the following section, we describe the state esti- 
mator (the first level of identification) of the nonlinear process 
model Eq. 1. 

3. STATE ESTIMATION OF NONLINEAR PROCESS WITH 
UNKNOWN PARAMETERS 

Consider the following linear time-invariant state estimation 
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filter for the linear process Eqs. 1 

$( t )  = F g ( t )  + Ky(t) + MB&(t) ,  

a ( t )  = D z ( t )  + H y ( t )  

d o )  = zo (2a) 

(2b) 

where 

d t )  = (n - m )  dimensional state vector of the filter 
i ( t )  = n-dimensional estimated state vector of Eqs. 

F,K,M,D,H = constant filter coefficient matrices with ap- 

g( t ) ,y ( t )  = input and output vector from the process (Eqs. 

The filter has the same structure as a linear Luenberger ob- 
server. 

As shown in most textbooks in modern control theory, the Kal- 
man filter is a very special use of the Luenberger observer. Both 
can be applied to stochastic models, but the Kalman filter has zero 
degrees of flexibility in its design because it is given uniquely and 
automatically from the system coefficient matrices and the co- 
variance matrices of the system and observation noise (Mita and 
Kogo, 1979). On the other hand, the Luenberger observer (a) has 
a high degree of freedom in its design, and (b) has been shown to 
work in the presence of noise for real applications. We make use 
of this design flexibility in developing our linear state estimation 
filter. 

By analogy with the Luenberger observer, we have a state esti- 
mation filter (Eqs. 2) that provides an estimate a ( t )  which tends 
to ~ ( t )  as t + m if ~ ( t )  = 0 and g(t) = 0 in the nonlinear process 
(Eqs. 1). It also provides $( t )  g( t )  for t 1 t, (t, is the settling time 
for the transient of the filter), if g( t )  # 0 and g(t) # 0. We shall 
consider both the deterministic ( ~ ( t )  = 0 and g(t) = 0)  and sto- 
chastic ( ~ ( t )  # 0 and g(t) # 0) cases. 

1 

propriate dimensions 

I), respectively 

Deterministic Case 

We first consider the sufficient conditions on process (Eqs. 1) 
(with g ( t )  = 0 and g(t) = 0), assuming that filter (Eqs. 2) is used, 
so that the linear time-invariant filter can be designed, and then 
present a method to evaluate the elements in the filter coefficient 
matrices. The sufficient conditions are 

K O  is an (n - m) X m dimensional arbitrary matrix. If process 
(Eqs. 1) satisfies the above conditions, the coefficient matrices of 
the filter are determined as follows 

The proof that Eqs. 3a and 3b are sufficient and the determination 
of the matrices in Eqs. 4 are in Appendix A. 

Note that if 1 = m, the conditions 

(i) rank [ Q l ]  = 1 = m (54 

(ii) F = A22 - Q2(Ql)#A12 is a stable matrix (5b) 

yield the state estimator (Eqs. 2) for the process (Eqs. 1) with (u_(t) 
= 0 and g(t) = 0) as can be demonstrated directly by analogy with 
the explanation in Appendix A. For this special case, because Q1 

is a square matrix with full rank, Eq. 4a can be given 

L = Q2QT’ (6) 

and we do not have any freedom to choose KO. 

conditions 
Also, if process (Eqs. 1) with (v_(t) = 0 and g(t)  = 0) satisfies the 

(i) rank[Ql] = 15 m 

(iii) F = A22 is a stable matrix, 

( 7 4  

(ii) A12 = 0 (7b) 

(7c) 

a state estimation filter (Eqs. 2) does exist and can be designed. In 
this case, the matrix F is given by F = A22 so that the filter dy- 
namics will be the same as those of subsystem A22. Suppose rn > 
1 and [ J ,  - Ql(Ql)#]A12 # 0. Then we have freedom to choose K O .  
We can assign all the eigenvalues of F arbitrarily by the proper 
choice of K O ,  if and only if the pair [{A22 - Q2(Q#A12), ( I ,  - 
Ql(Ql)#)A 121 is completely observable. This condition has been 
demonstrated by Luenberger (1964, 1966, 1971). Detailed dis- 
cussion of eigenvalue assignment can be found in the literature 
(Wonham, 1967; Kimura, 1975; Mita and Kogo, 1979). 

Some question may exist as to whether the state estimation 
scheme ignores the nonlinear terms and hence loses information. 
This is not correct. In deriving the sufficient conditions for the 
design of the filter in Section 2 and in designing the filter itself in 
this Section, we made use of the information in Q1 in the decom- 
position of Q f ( g , p )  = [QT i Q;lTf(g,p).  We further used the 
property that the term f(r_,p) in one or more equations of Eq. l a  
is linearly related to the same term in other equations of Eq. la. 
As a simple example of the key idea consider the following two 
steady state equations 

x1 + f(x1,xz,p) = 0 

22 + af(x1,xz3p) = 0 

If x1 is measure as y1 = XI,  we can estimate x2 as 22 - a y l  by sub- 
stitution. Note we do not use the nonlinear term itself in the esti- 
mation but make use of the dependency of the term in the other 
equation. The state estimation strategy described here is a gener- 
alization of the above concept for the process described by Eqs. 
1. 

Stochastic Case 

Next we consider the case when E f t )  z 0 and E f t )  # 0 in process 
(Eqs. 1). In this case, if process (Eqs. 1) satisfies the conditions in 
Eqs. 3a and 3b, the filter error and the estimated state are 

(8a) c( t )  = F g ( t )  + K g ( t )  - M E g ( t ) ,  ~ ( 0 )  = go 

D&) = g ( t )  - g ( t )  (8b) 
Equations 8a and 8b are derived by rearrangements similar to those 
used to obtain Eq. A5 in Appendix A. The matrix K is the function 
of K O  given by Eq. 4e with Eq. 4b. The solution of Eq. 8a is given 
by 

g ( t )  = eFtgo + e-F( t -q) (Kp(v)  - Meg(p)]dv  (8c) s,’ 
Since F is stable, the term eFtG converges to zero for t 2 t,. 

The integral in Eq. 8c contains the noises ~ ( t )  and g(t) with zero 
means. Nevertheless, proper choice of K minimizes the noise in 
- e( t ) .  The transfer function from g(t)  and g ( t )  to the error De_(t), 
Eq. 8b, in the steady state is given by: 

Dg(iZ7rf) = D[i27rfIn-, - F]-’ {Kg( i2?rf )  - Meg(i27rf)) 
(84 

where 
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I = a and f is the frequency 
Dg (I 2 ?rf ) = Fourier transform of the error in g ( t )  
g(i27rf),w(i27rf) = Fourier transforms of g ( t )  and g(t) 

If we have the freedom to choose KO after stabilizing F, we can 
choose an optimal KO.  It is worthwhile to select, for example, a 
matrix KO that minimizes the following cost function: 

+ max (II[i2~fZn--m - FI-'MkII/ IIw IOJdf (94 
I4 

where 

11 I] = norm of a vector 
fi,fh = lowest and highest frequencies of observation noise 

By definition of a matrix norm (Wiberg, 1971), the cost function 
can be rewritten as: 

] ( K O )  = sfh (liD[i27rfIn-m - F]-'KII 
fl 

+ l lD[ i2~f I , -~  - F]-lME II)df (9b) 

and the optimal K ,  can be determined by a nonlinear optimization 
scheme. Once K ,  is determined, the matrices M ,  H, K,  F and D 
in the filter (Eqs. 2) can be obtained from Eqs. 4c, 4d, 4e, 4f and 
4g, respectively with Eqs. 4b and la. 

So far, we have demonstrated that a state estimation filter for 
a nonlinear process with unknown parameters can be developed. 
Such a filter by itstelf can be effectively applied to fault detection 
decisions via alarm as well as to the isolation of faults, if the faults 
are defined in terms of the state variables (Section 1). 

4. IDENTIFICATION OF UNKNOWN FAULT PARAMETERS 

To find the specific source of process faults, identification of the 
unknown process ]parameters is needed because the deterioration 
of process performance is usually expressed in terms of parameter 
changes rather than changes of model structure or states. 

From the previous section it is known that if process (Eqs. 1) 
satisfies the conditions 3a-3b, or 5a-5b, or 7a-7~2, we can obtain 
good estimates of all the state variables. The problem to be con- 
sidered next is how to identify the unknown parameters associated 
with faults using the estimated state vector from filter (Eqs. 2). This 
step comprises the second-level of identification. 

We first rewrite the model (Eq. la) for the process in a form 
suitable for parameter identification. By definition If, Eq. l a  can 
be rewritten as 

& ( t )  = A d t )  + B d t )  + g ( t )  + S ( t ) p  

&( t )  = ( d t  + 7 )  - Z ( t ) ] / 7  

(10) 

( I W  

We approximate the derivative in Eq. 10 as 

where T is a time interval that is brief in comparison with the 
shortest time constant of the process and the highest frequency of 
the observation noise. [The approximation is not needed for a steady 
state process with g ( t )  = 0 and g(t) = 0.1 Now let t = k ~ ,  Eq. 10 
can be written as 

k(k + 1) - r ( k ) ] / ~  = A d k )  + B @ ( k )  + q ( k )  + S ( k ) p  
(1lb) 

W E  = b(k) (W 
Equation l l b  car) be written as 

where 

Utilizing the relation 1 lc  with Eq. l l d ,  we consider an identifier 
to obtain p for both the deterministic and stochastic cases. 

Deterministic Case 

Because model (Eq. 10) of the process has no observation noise, 
? ( t )  = ~ ( t )  for t I t , ,  and Eq. l l c  is satisfied by the deterministi- 
tally estimated state vector. Let the values of x(k), z&c), q(k ) , f i (k ) ,  
b(k) and S(k) obtained from the estimated state g(k) be designated 
by $(k), g(k) ,  $(k), fi(k), &(k) and S(k), respectively. Then the un- 
known parameters are uniquely and exactly identified if the pro- 
cess (Eqs. 1) with g ( t )  = 0 and w ( t )  = 0 satisfies 

(i) rank[Ql] = I (one of the conditions 3) (12a) 

(12b) (ii) f i (k)  # 0 for i = 1,2, . . . ,s 

The proof of these conditions is in Appendix B. The estimate is 
then given by 

- 

fi = [ŝ (k)Tŝ (k)]-'ŝ (k)T&(k) (124 

Stochastic Case 

Next we consider the case when u ( t )  # 0 and w(t )  # 0. Again 
let i ( k ) ,  g(k), d(k), & ( k ) , f f ( k )  and S(k) be the values obtained from 
g(k). We obtain an equation corresponding to Eq. l l c  as follows 

(13a) 

where g(k)  is an unknown error vector due to the observation noise 
and system noise. Since ~ ( k )  is unknown, we can not find p(k )  which 
satisfies Eq. 13a exactly. Consequently we try to find ~ ( k )  which 
minimizes the following cost function 

5 X2(k-*))ll~(k)112, with 0 I X 5 1 (13b) 

where N I k and X is a weighting factor. The choice of a large 
weighting factor X leads to slower convergence but smaller variance 
of the estimates. The estimation which minimizes Eq. 13b is a linear 
least squares error estimation. If the process (Eqs. 1) satisfies 

(i) rank[Q1] = 1 (one of the conditions of 3) (14a) 

s^(k)$(k) = &(k) + d k )  

J ( p ( k ) )  + 
i = k - N  

(14b) 

the unknown parameters can be obtained uniquely in the sense of 
the least squares error identification of Eq. 13b. The proof of the 
conditions is in Appendix C. 
We define 

(ii) f&) # O for i = 1,2, . . .s at least at one time 
during (k - N) and k, 

R(k) k [s^(k)%(k - l)Ts^(k - 2 ) T . .  . S ( k  - N)T]T (15a) 

W(k)  k [&k)T&(k - - l)T&(k - 2)T.  . . &(k - N)T]T (15b) 

then we have the least squares estimation 

e ( k )  = [R(k)TR(k)]-lR(k)?tY(k) (154 
If we let 

(164 
1 

A 2  
U ( k )  g - [R(k)TR(k)]-'s^(k + l)T 

V ( k )  [ I ,  + s^(k + l)U(k)]-l (16b) 

we have an on-line updating algorithm as follows 

gj(k + 1) = [ I ,  - U(k)V(k)S(k  + l)l(fi(k) + U(k)&(k + 111 
(W 

[R(k + l)TR(k + l)]-' = p [R(l~)~R(k)]-l-  U(k)V(k)U(k)* 

(164 

1 

where 
U ( k )  = s x n dimensional matrix 
V ( k )  = n X s dimensional matrix 

[R(k  + i)TR(k + i ) ] - l  = s X s dimensional matrix 

Among the two conditions 12a-12b or 14a-l4b, the rank con- 
dition, i.e., rank [Ql] = 1 which is also one of the conditions 3a-3b, 
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is more restrictive than Eq. 14b, because Eq. 14b can be satisfied 
by a proper choice of operating conditions of the process. Then we 
can roughly say that the unknown fault parameters of the process 
which satisfies the condition3a-3bare uniquely identifiable in the 
sense of the least squares estimation. 

APPENDIX c 

Since f,(k) # 0 for i = 1,2, , . . ,s, at least at one time point during 
(k - N) and k,  

rank[R(k)] = s (C1) 

Then R(k)TR(k) is invertible. Therefore, we have an unique least 
squares estimate 

APPENDIX A 

From Eq. 3a is a generalized inverse of Q1 is obtained as Eq. 4a. 
Then the coefficient matrices L, M, H, F, K and D can be obtained 
as Eqs. 4b-4g by using Qf .  These matrices satisfy 

DM + HIIm i 01 = Z, 
FM = MA - K[Zm i 01. 

('41) 

(A2) 

Define an error vector of the filter 

= z ( t )  - M d t )  (A31 

(A41 

Substitution of Eqs. l a  and 2a into Eq. A4 and rearrangement using 
the relations Eqs. A1 and A2 leads to 

(A51 

which yields 

c(t)  = g ( t )  - M g ( t )  

c ( t )  = F g ( t )  - M pl f ( t .E ) ,  do )  = eo 
QZ 

where go is nonzero vector. Further from Eqs. 4b and 4c 

M Q1 - lQj - -LQI  + Q z =  -Q2 + Ko(Q1 -QI) + Q2 = O  

(A6) 

e(1) = F g ( t ) ,  d o )  = go (A?) 

(A81 

649) 

'Then we can rewrite Eq. A5 as 

From Eq. 3b, F is a stable matrix, then 

g ( t )  = z ( t )  - M x ( t )  - 0 as t - a. 
i ( t )  - D z ( t )  + Hy(t) = ~ ( t )  as t - m, Therefore from Eqs. A7 and 2b, we obtain 

APPENDIX B 

From the assumption that rank[Ql] = 1, the rank of the parti- 
tioned matrix is full as follows 

-S- 

Further, from the assumption 

f i ( k )  # 0 for i = 1,2, . . . ,s (B2) 

rank[S(k)] = s (B3) 

from Eq. l e  

Since g ( t )  = x ( t )  for t 1 t , ,  Eq. I l c  must be satisfied by 4 ( t )  for t 
1 t,; then 

034) rank[S^(k) i @k)] = s 

Therefore, the linear equation 

S(k)@(k) = 035) 

e ( k )  = [S^(k)Ts(k)]-ls^(k)T&k) (B6) 

has an unique and exact solution 
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NOTATION 

A 
A I I , A ~ ~ , A ~ ~ , A z ~  
B = process input matrix 

= process coefficient matrix for linear term 
= partitioned matrix of A 

= vector used in identification 
= estimate of b(k) 

= dimension of vectors g(t)  and g( t )  
D = filter coefficient matrix 
d 
E = process noise matrix 
e ( t )  = filter error vector 
CO 
F = filter coefficient matrix 

= initial value of g ( t )  

= frequency 
= vector of nonlinear functions or linear 

and/or nonlinear functions with unknown 
coefficients 

= linear or nonlinear functions with unknown 
coefficient 

= nonlinear function 

f 
f(t,p) 

fi(d = 1,2, . . . . ,s) 

fi(i = s, . . . ,l) 

H 
1, 
i 
J( 1 
K 
K O  
k 
L 
1 
M 

= lowest frequency of noises 
= highest frequency of noises 
= estimate of f i (k)  
= nonlinear vector function of the process 

under normal condition 
= filter coefficient matrix 
= m-dimensional identity matrix 

= cost function 
= filter coefficient matrix 
= arbitrary matrix used to stabilize F 
= discrete time 
= filter coefficient matrix 
= dimension of vector function f(t,p) 
= filter coefficient matrix 

=- 

m 
N 
n 
E 
pf(i = 1,2, . . . ,s) 
Q 

= dimension of vector y(t) and ~ ( t )  
= number of sampled data 
= dimension of vector ~ ( t )  
= unknown fault parameter vector 
= element of vector p 
= process coefficient matrix for nonlinear 

and/or linear terms with unknown pa- 
rameters 

Ql,Q~,Q11,Q12, 

q = nonlinear vector function 
4 = estimate of q 
R(k) 
r+ 

20) 

= partitioned matrix of Q 
Qzi,Qzz 

= matrix used in parameter identification 
= prespecified ratio of inlet and outlet con- 

= matrix used in parameter identification 
= estimate of S ( t )  

t = continuous time 
t S  

U(k) 
u 
Ud(i = 1,2,3) 
V ( k )  

centrations 

S = dimension of vector p 

= settling time for filter transient 
= matrix used in parameter identification 
= input vector of process 
= inputs of the process 
= matrix used for parameter identification 
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ZO 

= observation noise vector 
= matrix used in parameter identification 
= system noise vector 
= state vector of process 
= initial value of ~ ( t )  
= derivative of g( t )  
= estimate of g ( t )  
= output vector of process 
= state vector of state estimation filters 
= initial value of g ( t )  
= estimated state vector for the extended 

= state variables of the filter 
Kalman filter 

Greek Letters 

d k )  v = continuous time 
x 

= error vector in identification 

= weighting factor in identifier 
7 = sampling interval 

Mathematical Symbols 

= generalized inverse of matrix 
= transpose of matrix and vector 
= inverse of square matrix 
= rank of matrix 
= norm of vector and matrix 
= expectation 

( )# 
( IT 
( )-I 
rank[ 1 
I1 It 
El 1 
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